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Abstract

Given a conformal class of metrics on the boundary of a manifold, one can
ask for the existence of an Einstein metric whose conformal infinity satisfies the
boundary condition.

In 1991, Graham and Lee studied this boundary problem on the hyperbolic
ball. They proved the existence of metrics sufficiently close to the round met-
ric on a sphere by constructing approximate solutions to a quasilinear elliptic
system. In his monograph (2006), Lee discussed the boundary problem on a
smooth, compact manifold-with-boundary. Using a similar construction, he
proved the existence and regularity results for metrics sufficiently close to a
given asymptotically hyperbolic Einstein metric. The proof is based on a linear

theory for Laplacian and the inverse function theorem.
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1 Introduction

These are the notes for a talk I gave in the graduate analysis seminar at UIUC.
The purpose of this talk is to solve a boundary problem for Einstein metrics using
the inverse function theorem. There won’t be too much detail about the geometry,
though I will make necessary comments to help audiences understand several essential
notions in the theorem, such as Ricci curvature and boundary-defining function. Let’s

begin with setting up some notations and discussing some geometry backgrounds.

1.1 Notations

List of symbols encountered in this talk

1. M: compact (n + 1)-dim Riemannian manifold with boundary, n > 3.

2. M: interior of M,

g, h: Riemannian metric on M.



3. OM: boundary of M,

§, h Riemannian metric on M, which define conformal classes on dM.

4. p: smooth boundary defining function

qg= ng Riemannian metric on M.

Remark 1.1.

e Conformal class: We call two metrics conformal if they differ by a smooth
nonnegative function, for example g and p?g. This gives an equivalence relation,
and we call [g] the conformal class. We usually assume § of class C¥.

e Boundary defining function: p is a function defined on the manifold which

vanishes to the first order. p > 0on M, p =0 on OM and dp # 0 on M.

e The conformal class [g] is called the conformal infinity of the manifold.

1.2 Boundary problem

Let M be a manifold with boundary as above. Given a conformal infinity § at the
boundary, we can ask if there is an Einstein metric g on M satisfying the boundary

condition. That is

Ric, = —ng (Einstein condition)

g has the given conformal infinity (boundary condition)

Here Ricy stands for the Ricci curvature.

Remark 1.2 (Ricci curvature). The Ricci curvature depends only on the Riemannian
structure of the manifold. Once we fix a metric g on the manifold, it gives rise to a
so-called Levi-Civita connection V. Intuitively the Levi-Civita connection allows us
to compare local geometric objects, such as tangent vectors or tensors. We can define
the Riemannian curvature tensor to measure the failure of recovering the original

direction when parallel transporting a vector along a closed loop.

The Riemannian curvature is a (3,1)-tensor, which can be written explicitly using the



metric (for our purpose, I'll avoid using Christoffel symbols, though let’s use them

here to save space)

g 00 arn,c -

Rabc - 8—;[? Ox + ;(Pacerbed - Fbcel—‘aed) = Facfib - Fbc,ctlz + I‘ace]'—‘bed - 1—‘bce]'—‘aed7
where .
L, = Eng(gda,b + Yab.a — Gab,d)-

The Ricci curvature is given by taking the trace of the above tensor. One could think
of taking traces as forcing two indices to be the same in the Riemannian curvature
tensor. With the Einstein summation notation, we denote this by Ric,. = R,.°. The

Ricci curvature is a (2, 0)-tensor.

If g is a conformally compact metric, its Ricci curvature is of the following form

Rix = —p *n(g" pipgsx) + p ' (g) + E%(9)
= p2E%g) +p'EY(G) + E2(9),

where £%(g) denotes a polynomial in g and g—'; £(g) can contain the first derivatives
of g and £2(g) can contain the second derivatives of g or quadratic in first derivatives.

Throughout this talk, I will refer to those notations frequently.

1.3 Main result

Theorem 1.3. Given a manifold and a boundary defining function as above, and
suppose there exists an Finstein metric h on the interior, which is conformally com-
pact and of class C*P, with2 <1 < n—1 and 0 < B < 1, having nonpositive sectional
curvature. Denote h = p*hlaar. Then there exists € > 0 such that for any metric §
on the boundary which is close to h (in the C“P norm), there is an Einstein metric g

on the interior which has [§] as its conformal infinity and of class CP.

Remark 1.4. In [1], Graham and Lee proved the above theorem on hyperbolic balls.

To be more precise, given a conformal infinity that is sufficiently closed to the standard



metric on the sphere, there is an Einstein metric that is closed to the hyperbolic

metric.

In [2], Lee proved the above theorem for a more general compact manifold with
boundary. The ideas of solving such problems are nearly identical. For the sake of
concreteness, let’s focus on the first case most of the time. And I'll point out the

difference in handling B"*! and a general manifold with a boundary when needed.

1.4 Outline of the proof

We will define an operator F which conveys the Einstein condition and perturb the
operator by some ®(g,t) (we will define it later) which depends on both the given

metric and an auxiliary metric £. Note: ¢ depends on the boundary condition.

Using the perturbed operator, we convert the original boundary value problem into

solving the partial differential equation

Q(g,t) = F(g) — ®(g,t) = 0.

We will construct a sequence of asymptotically hyperbolic solutions to approximate
the solution. The key theorem to obtain an exact solution is the inverse function
(this requires some work). So it is important that the approximate solutions de-
pend smoothly on the data. (We will define an extension operator in order to keep

asymptotically hyperbolic condition.

2 Perturbation operator

We choose
F(g) = Ricy+ng and (g, t) = 679t~ '6,Gyt,

so that the zero set of F' is the collection of Einstein metrics.

Remark 2.1.

e G, is the Einstein tensor / gravitational operator



e ),G 4 Ric, = 0 is the second Bianchi identity. This equation says the divergence

of Einstein tensor is zero.

2.1 How is ® chosen

The choice of ® might be less obvious. We add this term on purpose so that the

perturbed operator is elliptic.

As suggested in DeTurck’s paper, the linearization of Ricci curvature fails to be elliptic
because of its second term:

d
-/ h _
Rng( ) il

1
Ric(g + th) = §ALh — 0"(6G4h).
=0
However, the first term is the Lichnerowicz Laplacian, which we know is elliptic. This
suggest we need to add a gauge-breaking term 5;;925_1596*925 (this happens to be the
divergence of harmonic map Laplacian of the identity id : (M, g) — (M, t). One can

check that ® eliminates the second term to the second order.

2.2 Linearization of ()

In this section, let’s discuss the linearization of the perturbed operator Q(g,t), which

will be used later on when we construct approximate solutions.

Proposition 2.2. For metrics g, t and a symmetric 2-tensor r, we have

D1Qg,0)(7) Q(g + sr,t) = DRicy(r) + nr — Did(g4(7)

dsls=0

1 *
= §Agr +R(r)+nr — 6g(C(7“) —D(r)) — B(r),
where R, B,C, D are defined in [1] Equation (2.5) and Lemma 2.3.
For a complete computation of the above formula, see [1] (Section 2). Here, let

me emphasizes () is elliptic, because its principal symbol is one-half the covariant

Laplacian A,.



If we further assume g and t are asymptotically hyperbolic metrics with glaas = €|aar,

there is a nice approximation for the Riemannian curvature
Rijie = —(gings — gugjx) + O(p”).

which implies R(r) +nr = —r + tr,(r)g + O(p**!), and the B,C,D part vanishes.
Simplifying and decomposing the linearization of @) into trace part and trace-less part

gives the following.

Proposition 2.3. Suppose g, t are asymptotically hyperbolic metrics with Gloy =
tloar. Write r = p*q, where § € Co(M,S?). If r = ug + ro where 1o is the trace-free,
then

1
D1Qg) (r) = §Agr —r4try(r)g + O(PSH)

= (B 2m)(ug) + (B, — Do) + O™)

Remark 2.4. The above linearization D) with respect to ¢g at a confromally com-

pact Einstein metric A is
1
DiQnpy = é(AL +2n),

which is an isomorphism between weighted Holder spaces. That will be a crucial fact

for us to construct approximate solutions.

[P194 Lemma 2.2 strictly negative Ricci curvature implies the solution is an Einstein

metric. ]

3 Functional spaces

In order to construct approximate solutions, let’s first define the following function

spaces:

. C(l(’))ﬁ (M;¥2M) = the usual Banach space of functions on M with k-Holder

continuous derivatives



o C’é’)ﬁ(M; Y2M) = {uc C'(ld)ﬂ(ﬂ; YZM) | u = O(p®)} for 0 < s <1+ (. This is
called weighted Holder space.

Remark 3.1. One needs to be more careful in dealing with function spaces on a
manifold with boundary. See [2] Chapter 3 for a complete discussion about functional
space and Sobolev embedding. In most cases, the properties of function spaces are

proved by applying Taylor’s expansion locally in the background charts.
We will apply the following lemma

Lemma 3.2.
J'u

: " o
(i1) p_jC(lS’)B(M; Y2M) C C(ls__J;f(M; Y2M) for 0 < j < s.

(i) CL (M;$*M) = {u € Cg) (M; M) =0,Vi €0, s)}.

Proof. Note that locally the one variable version of Taylor’s formula to functions in
C(lé)’g (M;¥2M), with m < I, gives that

m—1 1 az pm 1 8m
f— —_— — — m_l-_
w0 =Y 5500+ L -t e ar

1=

If u = O(p®), all partial derivatives of order less than s should vanish, hence the

weighted Holder space is given by (i). (ii) follows by multiplying through by p=7. [

4 Laplace operator

In this section, let’s discuss the case when the Laplacian operator is an isomorphism

between weighted Holder spaces.

Proposition 4.1. Suppose g is asymptotically hyperbolic and consider f € C*(R),u €
C*(M) and k € R. We can expand the Laplacian operator apply to f(p)u as the



following

(Ag +R)(f(p)a) = (=p*f"(p) + (n = V)pf'(p) + Kf(p) &+ pX(f),

where X is some second-order polynomaial in pdip.
Let me refer the proof to [1] Corollary 2.7 and 2.8.

Denote
I(f) = =p*f"+ (n—=Dpf + K.

The ordinary differential operator is called the indicial operator for A, 4+ K acting
on functions. The real numbers s for which I(p®) = 0 are called the characteristic

exponents. For the Laplacian operator, the characteristic exponents are

1
S12 = §(n + vVn? + 4k).

It follow from the expansion that

Lemma 4.2. If s # sy, then there exists a solution u € C*(M) to the equation

(Ay + K)(p*u) = p°v + O(p*),

Proof. Note that I(p*) = (k — s(s —n))p®. Taking u = (k — s(s —n)) v,
(&g + K)(p°a) = Li(p*)u+ pX (p°) = (5 — s(s — n))p"(k — s(s —n)) "0+ O(p™*).

[]

More generally, there is a theorem for a self-adjoint, elliptic, geometric partial dif-
ferential operator of order m < [. For our purpose, it is enough to consider indicial
theory for the Laplacian operator. I state the theorem here and refer to [1] for a

complete discussion on indicial operators.



Theorem 4.3. Let P : C®(M; E) — C>®(M; E) be a self-adjoint, elliptic, geometric
partial differential operator of order m < 1. Suppose o € (0,1),k+a € (0,14+5),d € R
and u € C(ks’)a(ﬁ; E) where s € [1,k + «). Then

PG| = TP

5 Approximation

5.1 First approximate solution

We now have all the tools needed to construct approximate solutions. In this section
we will prove that if ¢ is an asymptotically hyperbolic metric then Q(g,t) = O(p™1).

So that this gives our first attempt of the approximation.

Proposition 5.1. Suppose t is an asymptotically hyperbolic metric and g is confor-
mally compact with g € C*(M,S?). Then Q(g,t) = O(p~") if and only if the following
the holds on OM

trg() =n+1, g 'dp=1t "dp.

Proof. Note that Q(g,t) is of the form
p N9, ) + p 7 EN(9,1) + E(9.1).
So Q(g,t) = O(p~!) precisely when £°(g,t) vanishes. Expanding £°(g,1) gives
_ _ _ 1
E%g,t) = n(1 = g"pip;) gk — 5 (Brps + Bjpr),

2
where B = [(tryt)gt ' — (n + 1)dp]. So the ”only if” part is clear (and this is what

we need for the first approximation).

For the "if” part, if we set the right hand side to be zero, then it forces B =0. [

Now for a given boundary condition § on OM, let’s denote gy = p~2g, and require go

to be a metric satisfying the boundary condition. If we fix the auxiliary metric which

10



satisfies the equations in Proposition 5.1, then Q(go,t) = O(p™ '), hence giving a first
approximate solution gy to the equation Q(go,t) = 0. Here we have an obvious choice

t = go. Through out the rest of our approximation, we will set ¢ = go.

Remark 5.2. Furthermore, we can use Proposition 5.1 to ensure all approximate
solutions in our construction are asymptotically hyperbolic, and satisfy the boundary

condition.

5.2 Higher-order approximations

In this section, we will modify the first approximation gq inductively to make Q(g, go)
vanish to a higher order. We require the construction depends smoothly on the initial
data since we need to apply the inverse function theorem. The goal is to prove the

following theorem.

Theorem 5.3. Suppose 0 < f < 1,2 <[ < n—1, and h s an asymptotically
hyperbolic metric on M of class C“%. Let G be any metric on OM of class C'P, and
set

g0="T(9) =h+pEG—h).
There exists an asymptotically hyperbolic metric g of class C*? on M such that

P*glon = § and

Q(97 QO) € 0(11:22,_56) (M7 E2M)-

In order to match the notation in [2], let’s denote

Q(g,t) = p°Q(p~%g,p >g0)-

Our plan is to approximate the solution g by a sequence of metrics g, such that

Q(Jr, Go) = o(p").

'Here we need the help of an extension operator E which extends the metric to the interior and

keep the resulting metric asymptotically hyperbolic.

11



5.2.1 Identify the Holder space containing ()

Lets first assume such a sequence {gx} of approximate solutions exists and see which

Holder space is @) belongs to:

The case k = 0. Note that @ has two more orders of p. Using the computation for
the first approximation, Q(go, go) = O(p). On the other hand, we can write () in local
coordinates as the following:

@(ga gO) = go(ga gO) + pgl(g7 gﬂ) + p252<g7 gO)
Recall £%(g, go) are polynomials in g and its inverse. If g is of class C’(ld)ﬂ (M;%2M),
E%g,g0) € C (M Y2M). Hence

Q(9,90) € Cg) (M; > M) + pC o, (M; S M) + p*C (o, > P (M; 5 M).

Intersecting this with O(p), and using Holder embedding (Lemma 3.2 (ii)), the first
term (blue) is absorbed by the second term (red). So
Q(,90) € C;) (M; X" M)+pC o "7 (M; £* M) +p20(l0_)2’5(ﬂ; »2M)
CpCoy P (M; 52M) + p*C o) (M; 5° M),

The case k = 1. Similar to k = 0, under the assumption Q(g1,go) = o(p), we apply
Lemma 3.2 (ii) again to obtain the embedding pC’l LB (M 22M) pQC'(l(;)z’ﬂ(M; Y2M).
This implies

Q(91,90) € P°C oy (M; £*M).

The case k > 1. In this case we are left with a single Holder space, so any extra

powers of p is combined into the weighted part.

To summarize the above: The assumption Q(g, go) = o(p*) gives the following

pCio) (M S M) + p*C o > P (M 22 M), k=0

Q(Gr o) € p2C'(lk 20 (M 22, 1<k<l—1
P*C 515 (M; 22 M), k=1

12



5.2.2 Existence of the sequence

It remains to prove such a sequence {gi} exists. Assume by induction for some £,
we have constructed g,_; € C(ld)ﬁ (M; ¥2M) satisfying the above. It suffices to find
T e C(l,;jg(ﬂ; Y2M), such that g = gr_1 + 7.

Using Taylor expansion,

1
Q(Gr—1+7,90) = Q(Gr—1, 9o) + D1Q .5 (F) +/O (1= X)D1Q g ar,p) (7, 7).

Here the second order derivative of D;(Q is p~2 times a homogeneous quadratic poly-

nomial in 7, pOF and p?d*7, hence of order o(p*). This implies

Q(Fr, Go) = Q(gr—1 + T Go)
= Q(Jk-1,90) + P> (AL + 2n)(p°F) + o(p").

Let’s denote & = p~*Q(gy_1, go)‘a . It suffices to find 7 such that
M

2k —2_
P A+ 20) (7))

= L _o(Ap +2n)(p*F) o+ O(p).

Applying Lemma 4.2, we know when —2 < s < n — 2, I (A + 2n) is invertible. So
there is a unique C'~%# tensor field ¢ along M that solves

Then there is a tensor field 7 € C(l,;)ﬂ (M;¥*M) such that

] = = Tea(Br o 2m)(07H) = (B + 20 (07) = i

After the k = [ step, we obtain a metric g = g which is lies in the Hoélder space

C(ZI:QQ’ f 5 (M;¥2M). This completes the proof.

Note that the above proof gives an operator S : g — g.

13



6 Inverse function theorem

In this section, we will apply the inverse function theorem. First, let’s restrict the

space so that S(g) + r is a metric and consider the map
Q(3.) = (9. Q(S(@) +7.7(2)) ).
where T(§) = h+ p~2E(§ — h) will be an asymptotically hyperbolic metric, when §

is closed enough to h.

Note that when h is Einstein, S(h) = T'(h) = h and hence Q(h,0) = (h,0). Moreover
the linearzation of Q at (h,0) is given by
DQgy(d:7) = (4 D1Quuny (DS + 1) + DaQiuy DTid
= (¢, (AL +2n)r + Kq),
where K¢ = D1Q ) (D5S;,q) + D2QnnyDTj,4.

Use Lemma 4.2 we know that A; + 2n is invertible, hence the linearization of Q is
nonsingular. We can actually write its inverse explicitly
(DQjp) ' (i, v) = (0, (Ap +2n)"")(v — K).

So we are allowed to apply the inverse function theorem, and get a solution to the

equation Q(g,t) = 0.

Now it remains to use algebraic argument to prove that when we have a solution of

Q(g,t) = 0 and the Ricci curvature strictly negative on the manifold. That is, when
Ric,(V,V) < K|V|?, for some K < 0,

g’

the perturbed operator ® vanishes, so that we obtain an Einstein metric.

Apply Bianchi operator to the equation Q(g,t) = 0 gives §,G,P(g,t) = 0. If we write

w = gt~'0,G,t then this becomes §,G,0*w = 0. Using Ricci identity this can be

writen as l(wij + R;jw’) = 0. Hence we can bound the Laplacian by

2
AL|w|3 < K|w|§.

And using generalized maximum principle we conclude w = 0.

14
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