
This time : curves defined by parametric eqns .
Consider aparticle moves along a curve like the
following .

It is notpossible to write 8 as
if = fix)

> to because he fails the vertical

I line test . However , if we[ introduce a new variable t

then we can write ✗ and y
-

→
coordinates as functions which

depend on the .

Def we call t parameter
✗ = fits \ parametric equations
y
= gets /parametrization
& aparametric curve .

Example 1 . Consider ✗ = cost 0 E t a- 2h

y = sint
Note that cos 't + sin't = 1 implies I+y

'
= 1

So these gives us a unit circle .

ynt = ¥

u
r

(cost, sint)

t=T It
s y C-=
of= ZTL

>
1

c-= 3£



Note that parameterization is not unique

Example 2 . ✗ = sin 2T O E t a- IT

Y = cos 2£
These give the same circle but with opposite
orientation .

Example 3.

Findparametrization for the circle
of radius r, centered at (a. b) .

4-at + (y
-bi = r'

I 1
roost r sint

scaling
⇒ ✗ = at roost 0 E E E 27

.

y
= b + rs.int

translation

Example 4 .

✗ = Y4-3YZ

Take y= t then ✗ = 6-4- 35
,

C- c- IR



calculus with parametric curves

we can apply calculus techniques to parametrized
curves .

dy=
Tangent : dy

Th,
=
d- if de todx dt

Id

The above is derived from chain rule

E- 4.¥
Remark :

I. dealt -1-0 so that we can take quotient .
2
.

d×_
= 0 corresponds to ventricle line y=ct .dt

diff=\
3 . d×_df -1-0 [responds to

horizontal line ✗ = Ct .

⇒ = 0

d¥- = daffy =
%tTt¥

dealt



Are length
L=f¥i+% dx

=/
"

fi-fk.ae#d-dt
c-,

dt

Fintan

=Éf¥+⇒dt
"

ds

Surface area S = £? ZTLR ds

Example { ✗ = cos 't costs -4
y = sin't

ds = ② cost C-Smith ' + (zsiht cost ) It

= ( 4 cos 't siht + 4 cos 't shirt )± dt

= 252 costsort dt

= 52 smut) dt



L =/ ds = 1¥ Fastnet) dt
= - E- cos Cat) /

¥

8=0

= - o - C-E) =

IS
= 1¥ 21T sina.tk sinkf) dt

= FIT |☐¥ (c- cos(21-1) Sankt) dt

= 527 µ%sin(zt) alt -[¥f- sir# t) alt)

=r⇐f•s¥I? -%±É )
= rate (I -1£ -1£ ) )

= 52×(1--4) = F¥



Pecan coordinates .

In this section we will consider a different way
of writing points on the Euclidean plane .

P = (n o)

☐
roost

µ = raoso

\
= xÑ

y = rsho
o = anatomy

Polan ⇒ Rectangular Rectangular ⇒ Polar
\ ' ' " "

' ↳

Example 1. Convert ( 1 . 1) and II. 2) into (r, O) .

for r> 0.

(52,4-4) and FE, and-an 2)

Polar curves
some curves like circles or nays can

be written
as a simple function in terms ofpolar words .

Fcr, 01 = 0

We will see how to compute arc length and
surface area usingpolar words .



Example 2 circles

• ✗2-1 y
'
= R2 ⇒ r = R

e r = since ⇐ r
'
= rsince

⇐ ✗
'

+ y
'
= y ⇒ x't (y - IT = 1-4

Note that when 0 C- (0, a) r > 0

0 C- (I, 27 ) r < 0

1- o=E 1- a- ¥

a-¥
" ^

•=¥
r

- I 0=4 - I o= 5¥

→
•=
?

^
>

✓\
0=17

0=71 0=27

winding around winding around
the circle once the circle once again

Example 3 .
r=/+ since cardioid

^

I
increase radius by 1 .

7

v

<

I

\ here sir 0 C- (-1/0)

It Sino c- (0. 1)



Tangent
Now considerpolar curve of the form r =f-cos
then

✗ = fiascoso
y= fcoss.no

we can compute its tangent by chain rule
%- '

lo ,snot fiascoso¥ =

IT
= %conaoso-fcossmo-

a-

Example 4.

Let r=/ + since
, compute 1-

cos 0 since + (I+ shot cos 0%Tdn =

aosocoso-ci-siholsiho-aoso-2cososinocos20-s.ir?o-sinO
=
cosQ+sihW_ " -1 "

cos20- since -0
L 'M

.

Note that him
•→¥5

DID = him _smo+zaos_
•→ YET - 2sin 20 - cos 0

sin 37 = 0 cos 31T = -I = - is

sin 3¥ = -1 cos 3¥ = 0



Area
r= for

Area of sector

•

É_
☐A = 1- r.ro

Riemann sum A = f- [f-to :*)Too

taking limit gives
A =/[ 1- (fiery do = f! I r' do

Example 1 .
Area enclosed by one loop of the
four - leaved rose r= cos C20) .

A = ÉÉ 1- redo

= /
¥
coin do

0
T

tasty
2

= 1- (o + sin{⇒|¥
⇒

= ¥
.



Arc length
< = 1%+1%-7 ax

=/itl%T+l£•T do
a-

(r'T cos -0 - 2hr
'

cos0 since + r'sinto

+ (r'Tsinto + Zrr
'

sin0 cos 0 + v2cost

= (f)
2

+ r2

⇒ L =/offfiÉfdo .

Example 2 .

r= 0 0<0 < I

< =/ItÑ do trig substitution

0 = faux do = sect✗ dx
0=0

⇒
✗ = 0

0=1 ✗ = ¥

So L = /0¥ see ✗ d.(Gana )



To solve I = / see✗ dctanx )
= / see '✗ dx

Integration by parts with u = see ✗
✓ = fan✗

I = see ✗ faux - / faux dlsecx)

I fain see✗ dx
"

/see ✗ Isee >
✗ - 1) dx

= see✗ faux - I +/see✗ dx
a-

In 1sec ✗+ tan✗ I + C

⇒ 22 = see✗ faux + In Isecx + taunt + C

c. =/¥ see ✗ d(tank)

= £(secxtanx + lnlcecx + tan ✗ 1)¥
= f- HE + In (1+521)


