
Last time : improper integral
This time : arc length
In this chapter we are going to study applications
of integrals .

Lets first consider how to compute arc length

L = tin;gÉ!Pi- i Pil

Po \Pi- i Pil = floxt+oyT
= ox

taking limits gives f-
'

Let y = fix be the curve
If f is continuous , are length for ✗ c- [a.b)

< =f!fi+(fdx

Similarly , let ✗ =giyi be the curve, then
arc length for y c- [c. d)

L = IfÉ dy



Example 1 . y=e× Of ✗ E2

⇒ < =/I 1+4×7 dx

or L =/?fi+fyT dy as x=lny

Example 2 I+ y
'
= 1 unit circle

Using symmetry take the upper half circle

y
= /-Ñ -I E ✗ E I

⇒ < =\fi+⇐ dx

Are length function
six = faxlift dt



Example 3 . fox , = ✗2-¥

six , = f.
✗

fÉ dx

= f?f/+4E-£+g<t dx

=/
,

"

at + It dt

= £4 but ]?
= *+ ¥ - I



Surface of revolution

A surface of revolution is formed by rotating
a curve about a line (usually the ✗ org-
axis) .

4
e.g. rotating y=x about
g-
axis

eg . rotating y=lnx about
✗- axis

To define the area , recall the surface area of
a cylinder is 27Rl

.

If we take infinitesimal line segment ds , the
small piece is approximate cylinder

S = £ 27 f-ix. ds
I=0

⇒ S = f.ba 2Kfix ds



Using arc length
ds = J11-4IT dx

⇒ S = fab zafcxifi-lf.IT dx

Given curve y= fix ) , rotation about ✗-axis

S = fab 2ayitifÑ DX

Similarly , given curve ✗ =girl , rotation about

g- axis .

g = fadzaxi+HÑ dy

Example 1. if = 9-Ñ -2s ✗ e- 2

rotate about the x-axis

ds = J1-1YT dx = fi+|zÉ¥ dx
= fi+{# dx = f9-×#É- dx
= {×f_ dx



5 =[27g ds-2 q-Ñ
= [2*9-+7 rÉd×&-

×

-2

= % 6Th dx

= 24 TL

Example 2 . if = e× Of ✗ E 2

notate about y
= 20

ex

y=z .

R (X ) = zo - ex

S = £22 IR 1×1 ds
=[ 2%(20-0) dx



Application

Example 1. hydrostatic pressure and force
F = my

= pgAd→
area & width

of aplate
→ I

density acceleration due to gravity

P = F/A = pgd
pÉessure

compute the force on one end of a cylinder
with radius 3 if it is submerged in water
of depth 10

F-= pgAd" •→ -

r
oA = 29ft oy
DA = zg_yf dy

] of→ 0
of

⇒ F = [ 17 -y ) pg9-yT dy



Example 2 moments and center ofmass .

Y
n m, (moment ) My = Ii mini"

(center ñ =

E-E.IN?i---Mmm--pA--pfba-fixdx
b

Axis

"
Y
= Pla ✗ fix , oh,

Mx =p fab £ (first dx
E- I =¥ if = 1¥
here yi = f- fix) since we are taking
the center of rectangle

Find the center ofmass of a semicircular
plate

if = ¥ Li Elfait dx

I = ±÷ -1 film- nil dxE.
= ⇒ for E- nidx
= In Iñx - IT

.

= 4¥



Summary
Infinitesimal line element

ds = fi+\%⇒ dx

= l×dy→ dy

Are length L =/ ds

Infinitesimal area element
dA = 2TRds .

distance between point
on curve and rotating axis

surface area (by revolution

S =/DA .

Two particular cases
about x-axis S = /say ds
about y-axis S = f tax ds


