
Last time Calc I Review

This time Integration by pants

Motivation

using Cale 2 knowledge IFTCI we know the
antiderivative of × is Exit C

cos ✗ sin ✗

It is natural to ask what is the antiderivative

of lnx ?
tanx ?

To solve this problem we need a new tool.

Recall product rule
(Uu )

'
= u

'
u + uv

'

if we integrate on both sides w.r.it
. ✗ .

⇒ f uv dx = / uv 'dx + f u'v dx
= f n du + / v du

rearrange
⇒ fu du = av - f vdu



Example 1 compute flux dx

take a = lnx v = ×

flux dx = xlnx - f x dlnx
= xlnx - f x ↳ dx
-

=\

= ✗lnx - ✗ + C

Intuition un

v

Indu -#. , % + % = tuba

lab v du

NB
.
There's a list of choices called LZATE rule
tells which function to choose as a first
However in general there's no easy way

to tell

immediately which function to take as u or v.

L ln hey
2 arcsin areas arctoen -

- -

A algebraic ×
.

1-1×2

T sin cos - - -

E ex



Example 2 / anatomy dx
a- I

= ✗ arctanx - µ darctanx×
= ✗ aerator -#¥bsti

tuition law

=d¥ = ±enu+ñ+c

= ✗ arctanx - I ln(HXY + C

Example 3 / ✗ex dx = f x del
Te T

= ✗ex - f et dx
= ✗ ex - ex + C

step
1. Choose function U .

2
.

The choice of v depends on u .

That is
,
in order to match the integration by

pants formula , say we are computing ffixidx

Then we claim du = t.lu#dx , so that

f f dx = f u . £ dx = fu du



Example 4 /g¥⇒ dx = / + g?⇒d×-

=±£É¥= drift
=/ End"É-
= ✗
'Fi - /Ñ dx'

- =D4411

= ✗
'

dit - -2311-1×4%-1 C
NB

.
There's more than one

way
to solve Ex 9

.

Example 4
' /g¥# dx

substitution rule a = 1-1×2 du= 2x dx

x
} dx = I. (✗ dx) = { (a-1) du

✗
3

/t# dx = /±"÷d
= I /¥ du

= ut - a-±

= 3- u± - u± + C

= § (1-1×2)<2 - ( + ✗4£ + C



Last time Integration byparts
/u du = uv - fu die

This time : we focus on aparticular type of integral
integers
← →

/ sinmx cos "x oh, ④

Fools to solve ☒
(A) substitution rule

(B) trig identity
(C) double angle formulae

cos
-

✗ + sin
>

✗ = I

sink) = 2 schx . cos✗

✓ cos (2X) = cos
-
✗ - sin

'

✗ = 2 cos
'
✗ - l

I Remember these equations = I- zsinx

Note that (D) implies

sin
>

✗ = t°[×_ cos
>
✗ = ALL

we'll start by looking at the following examples .



Example 1 . / sin
>
✗ cos

-
✗ dx

= / sin>✗ cos -✗ sin✗ dx
- -

l- cos
>
✗ substitution u= cos✗

= f (i-ut ut l-du ) du = -sinxdx

= f ut - u ' du
U5

=

g-
- F- + C

= Ej -# + c

In general, if me or n is odd we can use
substitution rule u - cos ✗ , sin✗ .

Example 2 f cos
-

x Sinh dx

= I 1-%2 .¥× dx

= 1-4 / 1- costs dx

= ¥ / I -HEE oh,

= t f l- cos4x dx

= tgx - 31-2 sin 4×-1 C

If m and n both are even we can use

trig identity and double angle formulae .



Similarly we can compute
/ Gonna secnx dx

Fools to solve ☒
(A) substitution rule

(B) trig identity seat✗ =/ + tan✗ ?

(C) double angle formulae

Recall

(faux )
'
= seat✗ (see ×)

'
= secy faux

Example 3 . ftanxse.ch dx
= / tanx see'✗ see ✗ dx
= / tanx I /+ tartx ) sei✗ dx
= / u (1+6) du L u= tan ✗

= Iii + 4- it + C

= { tank + 4- tani + C



Another way
to compute this

Take a= see>✗
du = 2 seat✗ . tanx dx

Then f tanx seat✗ dx
= f u . I du

= 4- + I

= seE⇒ + I

= 1-44-1 tanxp + I
* I = t¥ + tan÷ + 1-4 + I
-

= C

☒ Here 2 'm checking these two method gives
the same solution

.

You don't need to write
these in homework

.



In this section we consider the contains square
roots of the form
☒ Fat ñ-aT

We will make trig substitutions

+2 #a HOT

✗ = a sono a tano aseco

a c- 1-E. E) 1-E. E) 4. E) or ⇐E)
cos ✗ = 0 sec ✗ 70 fan ✗ 70

Note that we can use trig identities to remove
square roots .

✗ = aSoho

e.g.
t= at-asin.TT
= a2aosÑ

= laws 01

NB
.

We have to specify range of 0 so that we
can remove 1 1

.



Example 1. /⇐ dx

Take ✗=3 sono -EE0E -12

= /9-13si.no#d(3smo1--/fE.3oosodo Note that

cost >0 for
=3 so

-EE0E -12
= 9 /aosie do

= 9 /HEI do
= £ / I + cos 20 do

= to + & + C

2sincecos 0

= 92-4-1 sorrowsa) + C

= 1- (ancsin-i-I.i-FT-c-9-arcs.nl+ 19¥ + C



Example 2 / µ'µ+# dx

Take ✗ = 2 tano - E- < a < E-

=/

a-adii.IE#2sec2odo--/4tano4secTsec2O
do

= ¥/

tanto.seco-Ifseeo-dotaen2@I.si.io
= %÷o

= 4- I :#• do
not

sr#
Recall tano -_ E-

= -4 since + C ⇒ since = IF

= - + c rÉ
10
zr



Example 3 . / z?z×-# DX

F- 1×2+2×+1 - 1) +3
= 4-1×+15

Take a - ✗+ I

a-I
= / #_ die-11

Take u=2siro

2Sino - l
- E- E O EE= /

4-cs.hr#d(zsino)2SihQ-/--/1zaoso1-(2ooso)do--f2sino
- I do

= - Zoos 0 - Ot C

= - 4-uf-ancsih.dz + C

= -3-2×-17 - anon (E) + C



Last time integral containing 5
This time integrating national functions

Definingnationalfunctions-RW-PQIx-whereP.cl
are polynomials

e.g. ¥
.
×¥i→

.

É→

Zf deg P a dog Q, we call R ap# national
function

e.g. ¥ ¥-2 proper

✗
4

¥-2 ⇒ improper

How to solve /RIN dx ?

Rewrite Rlx) as sum of simpler national
functions . Then use substitution rule

.



Example 1. ¥¢- = +51¥ = c- £4T
- -

improper proper

/ IT dx =/ c- £4T dx
= ✗ - 4hr1 ✗+41 + C

Example 2. ×¥ =

To decompose write

⇐ + ¥=="¥¥%:
Numerator gives (A -1131×+2 (A- B) = I

⇒ A = - B = 4-

/of dx = I /¥ -¥ dx

= 4- (lntx-21 - lntx-121) + C
= 4- en :# + C

If Q is aproduct of distinct linear factors
Q = (a, ✗+ b.) - - - Can✗+ bn )

take An
R = 1-1×+4 + - - - +

anxtbn



5×2+2 A B ✗+ CExample 3.

+1×2-2×+217
=

I
+ +2+2×+7

⇒ AX21-2AX + 2A + BX2-1CX = 5×72

A + 13 = 5 A = I

⇒ ②At C = 0 ⇒ { 13=4
2A = 2 C = -2

5×2+2 4×-2/x(x2-zx d× = / ¥ +
++z×T dx

= lntxl + 2/¥# dx

u= ✗+1
= tnhl + 2/É du

= lentil + 4/⇐ du - 6/¥ du

okay
= lntxl + 2 /u=,- - 6 arctanu + C

= lntxl + 2hr In - it - 6 aretanu + C

= 3hr 1×1 - 6 arctan (✗+ 1) + C

4- Q contains distinct irreducible quadratic
factors .

take a.tt#gPx-+c for the quadratic team .



47 47

Example 4 ys_×2#
=

1×-1121×+7

=# + ¥→ +¥

⇒ 47 = A + 1) (X- 1) + Btx- 1) + CCX - IT

= (A + C) ×
'

+ (B-ZC1X + f-At B +C)

⇒ A = I B = 2 C = -I

47

/xs→d× =⇐ +É -⇐ dx

=

lnlx-il-T-lnlx-II-c-enf.IT/--E-ic
If d contains repeated lohear factor say (ax-165

At A2 Artake
⇒ +

(ax+bT
+ - - - +

(ax+bT

Similarly, for repeated quadratic factor
(aitb✗+ c)

r

take An ✗+ Br£¥%÷ + - - - +

(ax4bx→



\

Last time I%⇒, dx
This time : Approximate integrals .

Motivation

Ingeneral, it is difficult to compute the
antiderivative of a function and apply FTC .

We then seek for an approximate value of the
integral.

Recall in calculus I
,
the integral is defined as

limits of

Rijn
-

fab fix dx = legs ¥
,

fix:*) - ☐✗
.

☒
IN
✗i-I ✗¥ ✗i

If instead of taking n→ is, we sum over a finite
number of intervals,

fab fcxidx = É
,
fixit) . ☐✗



For the finite sum above
• if ✗it = Xi-i left endpoint approx .

• if ✗it = ✗i right endpoint approx .

• if ✗it =Éi midpoint approx .

We usually use midpoint approx . Let's write the
above formula explicitly

Midpoint rule

fabfix dx = Mn = DX (fain + f-Exit . - - + f-win )
where Ii = midpoints DX = been

Another
way
to approximate the integral is the

Trapezoidal rule

f! fcxidx = In
= ☐¥(f-(A) + 2fixit 2µW + - - - + 2fun -i ) + f-lxn)

where ☐✗ = b÷

Note that In =

t"";t + . . - + tH☐±
area of trapezoid



Error of approx .

Em =/of f-cxidx - Mn . Et = fab f-cxidx - Tn .

Error bounds : suppose f-
"exile K for a ⇐ ✗ a-b then

K (b-a)
3

IEMI =⇒ I ET1E kfj¥
Similar to trapezoidal rule another rule to
approximate integrals is

Simpson 's rule

f! fcxidx = sn
= F- (f-* + 4fix, I + a fix⇒ + 4/-1×31 + - - -

+ 4f-(✗n-2) + 2ft✗n-1) + f-(✗n ))
where ☐✗ = b÷

Error Es = fab fix, dx - Sn

Error bound : suppose If
'" 1×11 E K for as ✗ Eb then
K (b-a)

5

\ Est E 180¥



How to use these approx .
inpractice ?

Anaineexamplefakefixi-X.IE ✗ a- 4 and consider to find n= I

s.t.IE/uIco.1KCb-ai
Given IEMI ⇐ 24T

here K= 2 as f-"(✗1=-2
b-a = 4- I =3

2. 33 54
⇒
sent

=

24nF ⇐ °. I

⇒ n = fÉ = 47
So the smallest n to take is 5 .



Improper integrals .

So far we dealt with f! fix dx for
• ✗ c- [a.b) a finite internal
• f- piecewise continuous, finite

These are called proper integrals (note that this
has nothing todoÉpw¥ )

.

In this section we aregoing to study improper
integrals.

def
toType [

fanfix, oh, ÷ bing.to find"
fix , dx := him fb fix dx

t→ -is t

[ fix dx ⇐ /I fcxidx +[ fix) dx

= him /
a

+ him ta
t→ - is t c-→ is

An improper integral is convergent if the above
limit exists

,
otherwise it-ignt←



Type I if f-→ is at some point c c- lab]

£ fcxidx := him fat fexidx
c-→ c- ☒1! fix , dx := him /It"" doyc-→ d-

fab fix dx ⇐ I + fab

Example 1. [e-
✗ dx

= him /ofe-✗ dx = lfggl-e-T.toC-→ is

= like -e-t- I = -I
c-→ is

Example 2 [¥ dx p > I

= born
c-→ as
IF IT dx

Note that

=
born -¥p[⇒ . this divergesc-→ is

= him # (¥, - , )
if p - I

c-→ is • We can replace
= 1 with any

real

number a.



Example 3 . f!# dx

= lfg.FI#-dx
= like
+→ ,

-
(hut-11 - lentil )

= him lnlt-11
6-→ 1-

= - is diverges .

Comparison test for improper integrals .

Suppose f-ix. gin are continuous , nonnegative
and fun = gun for xza .

fat fox , dx come. ⇒ [goxidx come
.

15 gexidx IN .

⇒ [ fcxidx die .

To remember

fun
⑤¥ dx

on" p > ,
a div PE 1HE:



Example 4.

Show the integral I is divergent
I = IT'+e× dx

Since H- > t (as e-✗ - o ) and
f- I
1T¥ dx

= him IF -4 dx = like µx\?
6-→ is c-→ is

= him but = is diverges .

6-→ is

By comparison test I diverges .



More examples on comparison test

1 . I =/I×j# dx come
.

Note that for IE ✗ < is
0 E ✗

to
E It+ I

⇒ o E ④ EX6-1IT

⇒ If ⇐ ⇐ = ¥

g- 7-

Hence [¥ dx come
.

⇒ I come
.

2
.

I = /I dx come
.

Note that OE costx) E 1 for all ×

⇒ oe ±
g. f

Hence [ ¥ oh, come
.

⇒ 2 come.



3
. I = [×¥ dx IN .

Since 0s e-✗ < ✗ for ✗ > 3

⇒ 0 < x - e-
✗
a ✗ < is

⇒ oats ¥1
I 7

Hence [1- dx dir ⇒ I diu


